Following the work of Sen, we consider the correspondence between extremal black holes and string states in the context of the entropy. We obtain and study properties of electrically charged black hole backgrounds of tree level heterotic string theory compactified on a p dimensional torus, for D = (10 − p) = 4 . . . 9. We study in particular a one-parameter extremal class of these black holes, the members of which are shown to be supersymmetric. We find that the entropy of such an extremal black hole, when calculated at the stringy stretched horizon, scales in such a way that it can be identified with the entropy of the elementary string state with the corresponding quantum numbers.
Introduction
Recently there has been considerable interest in the question of whether black hole configurations of string theory can or must be identified as string states. The question has arisen in studies of duality, of the configurations themselves, and also in the study of the black hole information problem [1, 2, 3, 4, 5, 6, 7, 8] .
Qualitatively, the idea of identifying string states as black holes is a simple one. At a given value of the string coupling, most states above a certain mass level have a Compton wavelength which is shorter than their Schwarzschild radius, and so may be considered to be black holes. However, there are some string states which should not be identified as black holes, because they rotate too fast for their effective radius to be inside their Schwarzschild radius.
The question of whether nonextremal uncharged black holes could be identified as string states was considered in the context of the entropy in [1, 3] . The entropy for the black holes was obtained using the usual formula involving the area of the event horizon in the Einstein metric, and for the string states it was simply the logarithm of the degeneracy of the string states with a given mass (and angular momentum). It was found that the scaling permitted an identification of black holes as string states, as long as the mass used for the black hole was the Rindler mass at the stretched horizon [1] . This Rindler mass is related to the ADM mass by the redshift between the stretched horizon and asymptotic infinity, which is a large number of order the mass of the black hole. The stretched horizon, located at a proper distance of order one string unit away from the event horizon, is the place where stringy effects start coming into play which are likely to be important for the resolution of the black hole information problem [9, 10, 11] .
For extremal black holes, a comparison with string states was made in the context of heterotic string theory compactified on a six dimensional torus [4] . It was found that the quantum numbers of several extremal black hole solutions matched those of supersymmetric string states of the same theory. Then in a very interesting work [8] , it was found that the entropy of extremal electrically charged black holes, when calculated at the stringy stretched horizon, scaled in such a way that it agreed with the string entropy obtained by taking the logarithm of the degeneracy of string states with corresponding quantum numbers. It was necessary in this case to calculate the entropy at the stringy stretched horizon: classically the area of the event horizon of these extremal black holes is zero, but this is not expected to survive quantum corrections. For extremal black holes there is no redshift-induced renormalization of the mass, and so the agreement of the entropies was striking.
In [2] a concern had been voiced that the scaling of the entropy for black holes in D di-mensions might preclude an identification with string states. However, it was seen in the abovementioned works that this turned out not to be a problem in D = 4, provided that one calculated the relevant quantities at the stretched horizon.
In this work we will study electrically charged black hole backgrounds of tree level heterotic string theory compactified on a p dimensional torus, where D = (10 − p) = 4 . . . 9, with a view to understanding whether the correspondence found in [8] is specific to D = 4. Along the way, we study supersymmetry, which is expected [12] to exist for the extremal black holes in D = 4 which have a fixed relation between ADM mass and right-handed charge.
The plan of the paper is as follows. In Section 1 we review the solution-generating techniques which will be used in Section 2 to obtain the D dimensional electrically charged black holes. Supersymmetry of a one-parameter extremal "type R" class of these black holes is studied in Section 3, where it is found that half of the possible supersymmetries are unbroken. Section 4 contains a discussion of the entropy and the stretched horizon of these black holes. We find that the entropy of type R black holes, when calculated at the stringy stretched horizon, agrees with the entropy of elementary string states of the same quantum numbers. We end with some conclusions; our notation and conventions are listed in the appendix.
Actions and solution-generating
In order to obtain general spherically symmetric electrically charged black hole backgrounds of the tree level action for heterotic string theory compactified on a p dimensional torus, we will employ solution-generating techniques. We will begin by reviewing the tree level actions in D and ten dimensions, and the solution-generating methods [13] .
The massless bosonic fields in heterotic string theory compactified on a p dimensional torus are the metric tensor G µν , the anti-symmetric tensor field B µν , k = (16 + 2p) U(1) gauge fields A α µ (1 ≤ α ≤ k), the scalar dilaton field Φ, and a k × k matrix-valued scalar moduli
In this equation L is a k ×k symmetric matrix with (16+p) eigenvalues −1 and p eigenvalues +1. We will take L to be
where 1 n denotes the n × n identity matrix.
The action describing the effective field theory of these fields is [14, 15] 
where
and R[G] is the scalar curvature formed from the metric G µν .
We note that it is e −Φ which appears in front of the action in string metric (1.3), so we have for the string coupling at asymptotic infinity
where Ω is a k × k matrix satisfying
This is a symmetry of the full string theory if the k dimensional lattice Λ of electric charges is also rotated by Ω [16] . For fixed Λ, only a discrete subgroup O(16 + p, p; Z Z) is a symmetry.
For time-independent backgrounds, it is expected that there is an enlarged symmetry, namely O(17 + p, 1 + p) [17] . In the barred variables, defined bȳ
the action can be rewritten as
The O(17 + p, 1 + p) symmetry then acts as
whereΩ is a (k + 2) × (k + 2) matrix satisfyinḡ
We will work with the parametrization ofΩ whereL is diagonal; the orthogonal matrix U that diagonalizesL is given by
As was done in [12] , we will apply this O(17 + p, 1 + p) transformation to a known timeindependent classical black hole solution to generate more classical solutions of the equations of motion. Without loss of generality, we can restrict to solutions with fields which tend to zero at asymptotic infinity -except for the metric, which tends to the Minkowski metric, and the moduli matrix which tends to the unit matrix. With these conditions, we use only the subgroup O(16+p, 1) ⊗ O(p, 1); the rest of the group generates pure gauge deformations [17] .
The solution which we start with will be uncharged and will have a trivial (unit) moduli matrix, so we see by looking at (1.8)-(1.9) that we will need to mod out by an O(16+p)⊗O(p) symmetry. Thus the transformations which generate inequivalent solutions live in the coset space
which has dimension (18 + 2p) = (k + 2). We will use the following parametrization [12] of a generic element:
Here n L and n R are arbitrary (16 + p) and p dimensional unit vectors respectively. SoΩ in the above equations is parametrized by (k + 2) parameters: α, β, n L and n R . α, β ∈ [0, ∞) are the boost parameters of the noncompact group we use to generate solutions; α is the parameter of the left-handed part of the group and β is the parameter of the right-handed part of the group.
We now turn to the question of how ten and D dimensional fields are related. The relationship between the vector and moduli fields and the ten dimensional fields is a little involved [14] .
The first step of the dictionary is a change of basis. In [14, 18] the matrix L is chosen to be off-diagonal, and in order to take the moduli matrix and vector fields to the ones appropriate to the off-diagonal L, the matrix
must be used to transform A and M as
Once this change of basis has been done, and with a split of the left-handed directions into 16 and p dimensional parts,
Then (upon doing a sign change on the left-handed A ⋆ fields which is necessary [19] to convert them to the signature convention of [14] ) we have for the ten dimensional fields [14] , denoted by tildes,
whereω are the spin-connections [20] . We have not listedB µν , B µν because they will be zero for the black holes which we study. The above ten versus D dimensional field relations will be useful in Section 3 where we consider supersymmetry. The action of the ten dimensional fields is then
We end this Section by giving the relationship between string and Einstein variables. In D = (10 − p) dimensions, the relation between the string metric G and the Einstein metric g is
where we have defined the fraction γ to be
In four dimensions γ = 1. In the Einstein metric, the D dimensional action may then be expressed as
The black holes
In this Section we will follow [12] and apply the solution-generating transformations of the previous Section in order to obtain electrically charged black hole backgrounds.
Let us look back to the equations for the barred variables in terms of the unbarred ones (1.8)-(1.9). It is apparent that, in order to generate a background with electric charges from an uncharged one, we need to begin with a black hole which has nonzero angular momentum (and thus a nonzero G tϕ ). The higher-dimensional analogue of the Schwarzschild solution is therefore insufficient for our purposes. Our starting point will instead be the higher-dimensional analogue of the Kerr solution, which has mass M and just one 2 rotation parameter a. The metric is valid for D > 3 and, in the analogue of Boyer-Lindquist coordinates, it is[21]
We have used hatted variables to distinguish this solution from the one which we are about to obtain. Notice also that the line elements in the string and Einstein metrics, d S 2 and d s 2 respectively, are equal because there is no dilaton for the rotating black hole; there are no gauge fields either. In the above, the parameter µ is related to the ADM mass by
) is the area of a unit sphere in (D − 2) dimensions, and G N is the Newton constant which we will hold fixed throughout.
In order to begin to form the charged background, we need the barred variables (1.8)-(1.9). The nonzero quantities arē After transforming the barred-hatted variables via (1.13) to the barred variables denoting the charged background, and untangling some of the relations (1.8)-(1.9) between barred and unbarred variables, we obtain
For the remainder of this work, we will be interested in studying possible relations between nonrotating extremal black holes and elementary string states. We therefore set the rotation parameter a to zero now. This could not have been done before doing the boosting operation, because we would not have been able to generate the full complement of charged backgrounds.
After untangling of the remaining relations, the fields of the charged black hole are found to be
and
These functions P, Q satisfy the relation
The mass parameters of these black holes are, in the Einstein and string metric respectively 3 ,
The electric charges are defined as
and eyeballing the vector potentials we get
The dilaton charge
is given by
As they should, all of these parameters reduce to those of the old black hole upon sending the boost parameters α, β to zero.
Extremal black holes and supersymmetry
In this Section we will study a particular subclass of the black hole backgrounds obtained above. We will look at the extremal cases which we term "type R" 4 and which are obtained by taking the limit
3 For comparison, the parameter m of [12] is equal to our 1 2 µ in D = 4; note also that our vector field normalizations differ by a factor of two and thus so do the gauge charges. 4 To avoid confusion with the Type II string, we do not use the terminology "type II" of [12] .
There are two other extremal classes which could be considered. The first, type L, are obtained by switching α for β in the previous equation. This gives extremal black holes with a fixed relationship between mass and left-handed charge, but as we are interested in supersymmetry which lives on the right side of the string, we will not concern ourselves with this class of extremal black holes further. The other class of extremal black holes is a subset of both type R and type L, which can be obtained as a subclass of the type R black holes as follows:
The magnitudes of the left-and right-handed charges are equal in this case, and are fixed in relation to the mass. All of these extremal black holes have null singularities, i.e. the horizon coincides with the singularity.
The fields of the type R black holes are
The charges on the type R black holes are seen to be
From this we find a relation between mass parameter and both charges
and a relation between the ADM mass and right-handed charge
This last formula looks suspiciously like a supersymmetry condition.
We would now like to find out whether the type R black holes do indeed possess a supersymmetry. Supersymmetry of four-dimensional electric-magnetic black holes with Kaluza-Klein charges has been established previously in [22] .
It is easiest to start with the transformation rules written in the sigma-model frame where they are the simplest. One can obtain the transformations in the Einstein variables by doing the appropriate field redefinitions. The ten dimensional supersymmetry transformations are, for the gravinito, dilatino and gaugino respectively, Using the ten dimensional supersymmetry rules (3.8) and the dictionary of [14, 18, 19, 20] to relate ten and D dimensional fields we obtain the supersymmetry transformations for the toroidally compactified theory in any dimension D. Firstly, we note that the p internal gravitinos and 16 gauginos will combine to make (16+p) modulinos, which is precisely the correct number appropriate for the number of bosonic moduli [23] . The next step is to untangle the relations between the moduli matrix and the internal components of the ten dimensional metric, antisymmetric tensor, and gauge fields, using the basis change (1.22),(1.23) and the ten versus D dimensional field relations (1.25). The fields so obtained are then used to get the supersymmetry variations of the fermions in the toroidally compactified "D dimensional" bosonic black hole background in their full glory. We will list here the fields which are nonzero for type R black hole backgrounds.
where we have defined
Note that e −Φ is a harmonic function, although the D dimensional e −Φ is not harmonic unless α = 0.
5
The supersymmetry variations of the fermions become
and using the fields (3.9) we get
All but one of these equations may be satisfied by requiring thatǫ satisfy the algebraic projection condition
Notice that this condition involves only the right-handed vector n R , which makes sense as the supersymmetry lives on the right side of the string.
Lastly, the projection condition (3.14) yields
which can be satisfied ifǫ = e Φ/2ǫ(0) (3.16)
is a constant spinor satisfying (3.14) . Thisǫ is the spinor appropriate to the string metric, and it is independent of the time and the internal coordinates, (t, x α ), and of n L . It depends on the vector n R only through the projection condition (3.14).
The number of unbroken supersymmetry parameters is determined by (3.14). We proceed by defining the quantitiesP
which can easily be seen to be projectors by using the Dirac algebra and the fact that n R is a unit vector. In additionP ± ( n R ) commute withΓ 11 . We form the new [chiral] spinor
and note that supersymmetry then requires via the projection condition (3.14) that theǫ − vanish. In the meantime, theǫ + are unconstrained, so we see that the type R extremal black hole backgrounds break half of the ten dimensional supersymmetries, leaving eight unbroken supersymmetry parameters.
The number of unbroken supersymmetries in D dimensions depends on how the ten dimensional spinors break up into D dimensional spinors. We take our cue for which extended supersymmetry is appropriate in a given D by matching the coset O(16+p, p)/[O(16+p)⊗O(p)], which parametrizes the scalar manifold, to those found for various supergravities in [23] . We find that the appropriate theory is N = 4 in D = 4, 5; N = 2 in D = 6, 7; and N = 1 in D = 8, 9. In each case, the group O(p) is the automorphism group for the supersymmetry algebra; respectively these are SU(4), USp(4), SU(2) ⊗ SU(2), USp(2), U(1),1 [23] . In D = 6 the two SU(2)'s reflect the chiral nature of the supersymmetry algebra. We mention here that, despite appearances, it is possible to have a central charge in the asymptotic supersymmetry algebra even for the cases D = 8, 9 where the supersymmetry is only N = 1 [24] . ] central charges.
For the case D = 4 an explicit representation of theΓ matrices is
where (Γ 5 ) 2 = 1. With a split ofǫ = ǫ ⊗ η ≡ (ǫ A ) , where A runs from 1 . . . N = 4, the
. We therefore get N = 2 supersymmetry, with the central charges equal and proportional to the magnitude of the electric charge. We note that this agrees with the analysis of [25] for the appropriate D = 4 single gauge field subclass of the black holes presented here.
To summarize, we have found that all of the type R black holes in dimension D = 4 . . . 9 preserve half of the supersymmetries. We expect that this will protect the relation between the mass and the right-handed charge in all dimensions D = 4 . . . 9.
Entropy and the stretched horizon
Here we will investigate the entropy and the stretched horizon of extremal type R black holes. We notice firstly that the event horizon of a generic black hole of Section 2 is located where ρ = r D−3 = µ, i.e.
To calculate the Hawking temperature, we change variables to u, Θ, defined by
We obtain for the near-horizon string metric 6 in (u, Θ) variables
The conversion factor at the horizon from the string metric to the Einstein metric is simply a constant, Γ γ/2 H , where
which is Rindler space in the (u, Θ) directions. We see from the definition of Θ above, and the fact that Θ must be 2π periodic, that the Hawking temperature is given by
In the type R extremal limit, we see that the temperature (4.4) goes to zero, except for the special case D = 4 where it remains finite due to a scaling "accident" (see equation (3.1) ). However, this finite temperature in D = 4 may be unphysical, in view of the supersymmetry properties derived in the previous Section (see also [25] ). We will take the temperature of all of the type R black holes to be zero.
Let us next inspect the fields of these black hole backgrounds for their behavior near the horizon. We keep the Newton constant fixed in our discussions; upon restoring the factors of the string coupling at asymptotic infinity we have for the string metric
measures proper distance from the horizon, in string metric.
On the horizon, we find that
We see that at string proper distancē
where C is a pure number of order one, higher order corrections to the action (1.3) will become important. This is the location of the stringy stretched horizon, and it is independent of any of the parameters of the black hole.
Now we come to the entropy. In order to calculate it for a black hole, we use the method of Gibbons and Hawking, working along similar lines to [28] . By examination of the field equations corresponding to the action in the Einstein metric, (1.29), we find that on shell the scalar curvature R g cancels against the scalars Φ, M. We also find that the on-shell action, including the necessary extrinsic curvature term and with the numerical coefficient reinstated, can be written as a surface term:
We obtain for the entropy the expected relation
is the Newton constant and R E is the radius of the local (D − 2)-sphere in the Einstein metric.
For the extremal black holes which we are studying, the singularity is null and the area of the event horizon is classically zero. However, we do not expect this zero area to survive higher order corrections. In other words, we will use the entropy calculated at the stringy stretched horizon, which is located at of order one string unit of proper distance away from the event horizon as in (4.8) . With use of the relation (1.27) between the string and Einstein metrics, the Einstein radial variable is found to be
The entropy for the type R extremal black holes, calculated at the stringy stretched horizon, is thus
In units where e Φ ∞ = g 2 ∞ , electric charges scale as
but µ 0 stays fixed as it is proportional to the ADM mass which stays fixed with G N . The dilaton charge does not scale either. Using the relation (3.6) between the mass parameter and the left and right charges
we obtain finally
We might ask at this stage what would happen if we were to take into account quantum corrections to the fields. It has been argued previously [8] that quantum corrections would lead only to a renormalization of the coefficient in front of the O(16 + p, p)-invariant combination of the charges. In general, the tree level action will be modified by higher order corrections, which will lead to corrections to the solution and to the supersymmetry transformations.
The O(16 + p, p) symmetry and the solution-generating symmetry are expected to be valid to all orders in α ′ (see e.g. [17] ), but the transformation laws to a given order may look different to the tree level laws when written in terms of the fields like G µν which appear in the low-energy effective action. Therefore, in general, both of the quantities which feed into the entropy, viz. the coefficient of dΩ 2 D−2 and the form of e −2Φ near the horizon, will be modified. We expect by dimension counting and O(16+p, p) invariance (which is available in some scheme) that the area term for the entropy will be renormalized by a factor changing only the number C/G N . We will absorb this factor into C. Note that, besides the area term, there will also be subleading corrections to the area term for the entropy to which our calculations are not sensitive.
If we choose to keep the string scale fixed, and not the Newton constant as we have done here, then we find that the black hole entropy is proportional to 1/g 2 ∞ in all dimensions D. This result for the entropy was explained [for a non-extremal black hole] in D = 4 in terms of genus zero stringy configurations in [1, 11] . There it was also found that, in the limit of a very large mass black hole (where the subleading terms are not present), the area term for the entropy would receive corrections from higher genera which would serve only to renormalize the Newton constant.
The next thing to calculate is the logarithm of the degeneracy of the elementary (electrically charged) string state appropriate to the type R black hole. This correponds to the entropy of a string state with given mass and charges. The degeneracy corresponds, of course, to the different possible ways of distributing oscillators.
From the mass relations on the left and right sides of the heterotic string, and the fact that the moduli matrix tends asymptotically to the identity matrix, we know that
In this formula, the mass of the string state is measured in Einstein frame (in Planck units) so as to facilitate comparison to the black hole mass; this gives rise to the overall factor of g 
The left and right charges are then related by
where N L , N R are the contributions to the mass from the oscillators excited on the left and right sides of the string. For the electrically charged states which would correspond to the type R black holes, supersymmetry demands that the right-handed sector be in the ground state, i.e. N R = where T H = 1/(4π) is the Hagedorn temperature. So we find that at large N L the leading term is
Putting together the black hole and string entropies we obtain the result
Note in particular that the constant of proportionality between the black hole entropy calculated at the stretched horizon and the logarithm of the degeneracy of the elementary string states is independent of the string coupling. This is a direct consequence of the fact that we took the stretched horizon to be one string unit of proper distance away from the event horizon. If we wish to set the two entropies equal to each other, then the numerical factor can be arranged with C ∼ 1.
To finish, we note that in making the identification of the supersymmetric black hole and string state entropies, we had no freedom to soak up any factors of the mass by using a redshift factor. This is a phenomenon peculiar to extremal black holes, and has its origins in the balance of forces which permits the supersymmetry. The static force between two of these objects is zero, due to cancellation of attractive gravitational and scalar forces by repulsive electromagnetic forces. Thus any redshift, which can also be thought of as a gravitational dressing, would be cancelled out by dressings from electromagnetic and scalar effects.
Conclusion
In this paper we have studied the D dimensional generalizations of the electrically charged black holes of [8] . We have found that the entropy of a type R extremal black hole with a given mass and charges, when calculated at the stringy stretched horizon, is the same as the entropy of the corresponding string state, up to a numerical factor of order 1 7 . That this correspondence works in dimensions other than four is a satisfying consistency check. A remaining puzzle is to understand the precise nature of the stringy physics which leads to the existence of the stretched horizon for extremal black holes.
We have also seen that the type R extremal black holes are supersymmetric, as was expected from the fact that they are extremal and nonrotating and also from the conjectured correspondence to string states. The structure of the unbroken target space supersymmetries, involving the projection condition (3.14) is an explicit example of a general phenomenon found by Kallosh recently [31] . The fact that half of the supersymmetries are unbroken is a result of the fact that there is only electric charge. If there were also magnetic charge in four dimensions, then we expect that only one-quarter of the supersymmetries would remain unbroken [25, 22] .
We regard these findings as additional support for the idea that extremal black holes of toroidally compactified heterotic string theory may be thought of as string states of the same theory. Another consistency check to perform is to compare the results of tree level scattering of the elementary states in string theory with a semiclassical moduli space calculation of the same process for the (extremal) black holes [29] .
Some of the previous comparisons of the entropy of black holes and string states have concentrated on nonextremal black holes. These would correspond to string states with mass greater than charge. Both of these objects are unstable; one because of Hawking radiation and the other because they would correspond to ten dimensional massive states which are apt to decay (see, e.g. [32] ). Comparison of these two process is likely to be difficult, not least due to problems in extracting the widths of excited states which are not on the leading Regge trajectory in string theory [33] . However, it would be interesting to know if these two processes are related somehow.
While this work was in progress we were informed by M. Cvetič that supersymmetry of four dimensional extremal dyonic black holes of toroidally compactified heterotic string theory has been proven very recently in [34] .
the solution-generating transformation of Section 1. Hats denote the fields of the original rotating uncharged black hole which was used to generate electrically charged backgrounds. Ten dimensional fields are denoted by tildes.
